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Abstract
We investigate the group irregularity strength (sg(G)) of graphs, i.e.
the smallest value of s such that taking any Abelian group G of order s,
there exists a function f : E(G)→ G such that the sums of edge labels
at every vertex are distinct. So far it was not known if sg(G) is bounded
for disconnected graphs. In the paper we we present some upper bound
for all graphs. Moreover we give the exact values and bounds on sg(G)
for disconnected graphs without a star as a component.
1 Introduction
It is a well known fact that in any simple graph G there are at least two
vertices of the same degree. The situation changes if we consider an edge
labeling f : E(G) → {1, . . . , s} and calculate weighted degree (or weight)
of each vertex x as the sum of labels of all the edges incident to x. The
labeling f is called irregular if the weighted degrees of all the vertices are
distinct. The smallest value of s that allows some irregular labeling is called
irregularity strength of G and denoted by s(G).
The problem of finding s(G) was introduced by Chartrand et al. in
[5] and investigated by numerous authors [1, 2, 7, 13, 15]. Best published
general result due to Kalkowski et al. (see [12]) is s(G) ≤ 6n/δ. It was
recently improved by Przybyło ([14]) for dense graphs of sufficiently large
order (s(G) ≤ (4 + o(1))n/δ + 4 in this case).
Jones combined the concepts of graceful labeling and modular edge color-
ing into labeling called a modular edge-graceful labeling ([9, 10, 11]). He de-
fined the modular edge-gracefulness of graphs as the smallest integer k(G) =
1
k ≥ n for which there exists an edge labeling f : E(G) → Zk such that the
induced vertex labeling f ′ : V (G) → Zk defined by
f ′(u) =
∑
v∈N(u)
f(uv) mod k
is one-to-one.
Assume G is an Abelian group of orderm ≥ n with the operation denoted
by + and identity element 0. For convenience we will write ka to denote
a+ a+ . . .+ a (where element a appears k times), −a to denote the inverse
of a and we will use a−b instead of a+(−b). Moreover, the notation
∑
a∈S a
will be used as a short form for a1 + a2 + a3 + . . ., where a1, a2, a3, . . . are
all the elements of the set S. Recall that any group element ι ∈ G of order
2 (i.e., ι 6= 0 such that 2ι = 0) is called involution.
The order of an element a 6= 0 is the smallest r such that ra = 0. It
is well-known by Lagrange Theorem that r divides |G| [8]. Therefore every
group of odd order has no involution.
We consider edge labeling f : E(G) → G leading us to the weighted
degrees defined as the sums (in G):
w(v) =
∑
v∈N(u)
f(uv)
The concept of G-irregular labeling is a generalization of modular edge-
graceful labeling. In both cases the labeling f is called G-irregular if all the
weighted degrees are distinct. However, the group irregularity strength of G,
denoted sg(G), is the smallest integer s such that for every Abelian group
G of order s there exists G-irregular labeling f of G. Thus the following
observation is true.
Observation 1.1 ([4]) For every graph G with no component of order less
than 3, k(G) ≤ sg(G).
The following theorem, determining the value of sg(G) for every con-
nected graph G of order n ≥ 3, was proved by Anholcer, Cichacz and Milanič
[3].
Theorem 1.2 ([3]) Let G be an arbitrary connected graph of order n ≥ 3.
Then
sg(G) =


n+ 2, if G ∼= K1,32q+1−2 for some integer q ≥ 1,
n+ 1, if n ≡ 2 (mod 4) ∧G 6∼= K1,32q+1−2 for any integer q ≥ 1,
n, otherwise.
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In [9] it was proved in turn that for every connected graph G of order
n ≥ 3
k(G) =
{
n, if n 6≡ 2 (mod 4),
n+ 1, if n ≡ 2 (mod 4).
In order to distinguish n vertices in arbitrary (not necessarily connected)
graph we need at least n distinct elements of G. However, n elements are
not always enough, as shows the following lemma.
Lemma 1.3 ([4]) Let G be a graph of order n. If n ≡ 2 (mod 4), then
there is no G-irregular labeling of G for any Abelian group G of order n.
Anholcer and Cichacz considered the group irregularity strength of dis-
connected graphs in [4].
Theorem 1.4 ([4]) Let G be a graph of order n with no component of order
less than 3 and with all the bipartite components having both color classes of
even order. Let s = n+ 1 if n ≡ 2 (mod 4) and s = n otherwise. Then:
sg(G) = n, if n ≡ 1 (mod 2),
sg(G) = n+ 1, if n ≡ 2 (mod 4),
sg(G) ≤ n+ 1, if n ≡ 0 (mod 4).
Moreover for every integer t ≥ s there exists a G-irregular labeling of G for
every Abelian group G of order t with at most one involution ι.
Theorem 1.5 ([4]) Let G be a graph of order n having neither component
of order less than 3 nor a K1,2u+1 component for any integer u ≥ 1. Then:
k(G) = n, if n ≡ 1 (mod 2),
k(G) = n+ 1, if n ≡ 2 (mod 4),
k(G) ≤ n+ 1, if n ≡ 0 (mod 4).
Moreover for every odd integer t ≥ k(G) there exists a Zt-irregular labeling
of G.
In this paper we give an upper bound for group irregularity strength
of all graphs. Moreover we give the exact values and bounds on sg(G) for
disconnected graphs with no star components.
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2 Main results
The first natural question is whether the group irregularity strength is finite
for arbitrary graph with no components of order less than 3.
Theorem 2.1 Let G be a graph of order n having m components, none of
which has order less than 3 and let p be the smallest prime number greater
than 2n−m−1. Then sg(G) ≤ p.
Proof. Note that n ≤ p and p is odd. Since p is prime, there exists only one
(up to isomorphism) Abelian group G of order p, namely G ∼= Zp. If all the
components of G have order 3 then we are done by Theorem 1.5. Therefore
G has at least one component H such that |V (H)| ≥ 4. Let F be a spanning
forest of G. Thus F has n −m edges e0, e1, . . . , en−m−1. Assume without
loss of generality that e0 ∈ E(H). Let f : E(G) → Zp be defined as follows
f(ei) = 2
i−1, for i = 1, 2, . . . n−m− 1,
f(e) = 0, for e ∈ {e0} ∪ E(G) \ E(F ).
We have
∑k−1
i=0 2
i = 2k − 1 < 2k for any integer k. Therefore the maximum
weighted degree is smaller than 2n−m−1. Moreover the unique (additive)
decomposition of any natural number into powers of 2 implies that f is
G-irregular.
Given any two vertices x1 and x2 belonging to the same connected com-
ponent of G, there exist walks from x1 to x2. Some of them may consist of
even number of vertices (some of them being repetitions). We are going to
call them even walks. The walks with odd number of vertices will be called
odd walks. We will always choose the shortest even or the shortest odd walk
from x1 to x2.
We start with 0 on all the edges of G. Then, in every step we will choose
x1 and x2 and add some labels to all the edges of chosen walk from x1 to x2.
To be more specific, we will add some element a of the group to the labels of
all the edges having odd position on the walk (starting from x1) and −a to
the labels of all the edges having even position. It is possible that some labels
will be modified more than once, as the walk does not need to be a path.
We will denote such situation with φe(x1, x2) = a if we label the shortest
even walk and φo(x1, x2) = a if we label the shortest odd walk. Observe that
putting φe(x1, x2) = a results in adding a to the weighted degrees of both
x1 and x2, while φo(x1, x2) = a means adding a to the weighted degree of
x1 and −a to the weighted degree of x2. In both cases the operation does
not change the weighted degree of any other vertex of the walk. Note that if
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some component G1 of G is not bipartite, then for any vertices x1, x2 ∈ G1
there exist both even and odd walks.
We are going to use the following theorem, proved in [16].
Theorem 2.2 ([16]) Let s = r1+ r2+ . . .+ rq be a partition of the positive
integer s, where ri ≥ 2 for i = 1, 2, . . . , q. Let G be an Abelian group of order
s+ 1 . Then the set G \ {0} can be partitioned into pairwise disjoint subsets
A1, A2, . . . , Aq such that for every 1 ≤ i ≤ q, |Ai| = ri with
∑
a∈Ai
a = 0 if
and only if |G| is odd or G contains exactly three involutions.
From the above Theorem 2.2 we easily obtain the following observation:
Observation 2.3 Let s = r1 + r2 + . . . + rq be a partition of the positive
odd integer s, where ri ≥ 2 for i = 2, 3, . . . , q. Let G be an Abelian group
of order s. Then the set G can be partitioned into pairwise disjoint subsets
A1, A2, . . . , Aq such that for every 1 ≤ i ≤ q, |Ai| = ri with
∑
a∈Ai
a = 0.
Using the simmilar method as in the proof of Theorem 1.4, we can obtain
the following lemma.
Lemma 2.4 Let G be a graph of order n having no K1,u components for
any integer u ≥ 0. Then for every odd integer t ≥ n and for every Abelian
group G such that |G| = t, there exists a G-irregular labeling.
Proof.
We are going to divide the vertices of G into triples and pairs. Let p1
be the number of bipartite components of G with both color classes odd,
p2 with both classes even and p3 with one class odd and one even. Let p4
be the number of remaining components of odd order and p5 - the number
of remaining components of even order. The number of triples equals to
2p1 + p3 + p4. The remaining vertices form the pairs.
By Observation 2.3, the elements of G can be partitioned into 2l+1 triples
B1, B2, . . . , B2l+1 and m pairs C1, C2, . . . , Cm, where l = ⌊(2p1+ p3+ p4)/2⌋
and m = (t − 6l − 3)/2, such that
∑
x∈Bi
x = 0 for i = 1, . . . , 2l + 1 and∑
x∈Cj
x = 0 for j = 1, . . . ,m. Observe that l ≥ 0, m ≥ 0 and 2l + 1 ≥
2p1 + p3 + p4.
Let Bi = {ai, bi, ci} for i = 1, 2, . . . , 2l + 1 and let Cj = {dj ,−dj} for
j = 1, . . . ,m. It is easy to observe that for a given element g ∈ G not
belonging to any triple, we have (g,−g) = Cj for some j.
Let us start the labeling. For both vertices and labels, we are numbering
the pairs and triples consecutively, in the same order as they appear in the
5
labeling algorithm described below, every time using the lowest index that
has not been used so far (independently for the lists of couples and triples).
Given any bipartite component G with both color classes even, we divide
the vertices of every color class into pairs (x1j , x
2
j ), putting
φo(x
1
j , x
2
j ) = dj
for every such pair. We proceed in similar way in the case of all the non-
bipartite components of even order, coupling the vertices of every such com-
ponent in any way.
If both color classes of a bipartite component are of odd order, then they
both have at least 3 vertices. We choose three of them, denoted with xj , yj
and zj , in one class and another three, xj+1, yj+1 and zj+1, in another one
and we put
φe(xj , zj+1) = aj ,
φe(yj , zj+1) = bj,
φe(zj , zj+1) = cj ,
φe(xj+1, zj) = aj+1,
φe(yj+1, zj) = bj+1,
φe(zj+1, zj) = cj+1.
We proceed with the remaining vertices of these components as in the case
when both color classes are even.
In the case of non-bipartite components of odd order we choose three
vertices. We put
φe(xj, zj) = aj ,
φe(yj, zj) = bj,
φe(zj , zj) = cj .
Finally for bipartite components of odd order we choose four vertices xj,
yj, zj and v (v belongs to the even color class and three other vertices to the
odd one). We put
φe(xj , v) = aj ,
φe(yj , v) = bj ,
φe(zj , v) = cj .
The labeling defined above is G-irregular. Indeed, in the jth triple of
vertices the weights are equal to w(xj) = aj , w(yj) = bj and w(zj) = cj and
in the jth pair we have w(x1j ) = dj and w(x
2
j ) = −dj. Eventually, at least
one of the triples of labels remains unused.
The following theorem easily follows from the above Lemmas 1.3 and 2.4.
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Theorem 2.5 Let G be a graph of order n having no K1,u components for
any integer u ≥ 0. Then:
sg(G) = n, if n ≡ 1 (mod 2),
sg(G) = n+ 1, if n ≡ 2 (mod 4),
sg(G) ≤ n+ 1, if n ≡ 0 (mod 4).
We will consider now some families of disconnected graphs of order n ≡ 0
(mod 4) for which sg(G) = n.
Proposition 2.6 Let G be a graph of order n ≡ 4 (mod 8) with no compo-
nent of order less than 3 and with all the bipartite components having both
color classes of even order. Then sg(G) = n.
Proof.
Let G be an Abelian group of order n. Since the order of G is even there
is at least one involution in G. If there is exactly one involution, then we
are done by Theorem 1.4. Thus we can assume that G has more than one
involution. Observe that n = 22(2α + 1) for some integer α, therefore by
fundamental theorem of finite Abelian groups we obtain that G has exactly
three involutions ι1, ι2, ι3.
Let p1 be the number of components of odd order, p2 be the number of
components of even order.
Assume first p2 > 0. Then there exists a component H of even order
|H| ≥ 4. Note that there exist vertices u, v, x, y ∈ V (H) such that there is
an odd walk from u to x, an even walk from u to v and an even walk from
u to y (if H is bipartite, we take u and x from one color class and v and y
from another, what is always possible, since in this case H both color classes
have even order). By Theorem 2.2, the set of the elements of G \ {0} has
partition into p1 + 1 triples B1, B2, . . . , Bp1+1 and m pairs C1, C2, . . . , Cm
wherem = (n−3p1−4)/2 ≥ 0 such that
∑
x∈Bi
x = 0 for i = 1, . . . , p1+1 and∑
x∈Cj
x = 0 for j = 1, . . . ,m. Let Bp1+1 = {ap1+1, bp1+1, cp1+1}, without
loss of generality we can assume that ap1+1 = ι1. Put
φo(u, x) = ap1+1,
φe(u, v) = bp1+1,
φe(u, y) = cp1+1.
Note that we obtain now w(u) = 0, w(v) = −ι1 = ι1, w(x) = bp1+1 and
w(y) = cp1+1. We proceed with the remaining vertices in the same way as in
the proof of Lemma 2.4 (we divide V (G) \ {x, y, u, v} into triples and pairs).
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If p2 = 0 then by Theorem 2.2, the set of the elements of G \ {0} has
partition into triples B1, B2, . . . , Bp1−1 and m pairs C1, C2, . . . , Cm where
m = (n − 3p1 + 2)/2 ≥ 0 such that
∑
x∈Bi
x = 0 for i = 1, . . . , p1 − 1 and∑
x∈Cj
x = 0 for any j = 1, . . . ,m. We set Bp1 = Cm ∪ {0} and proceed in
the same way as in the proof of Lemma 2.4.
For n ≡ 0 (mod 8) we have the following result, unfortunately with a
stronger assumption on non-bipartite components:
Theorem 2.7 Let G be a disconnected graph of order n with all components
of order divisible by 4 and all the bipartite components having both color
classes of even order. Then sg(G) = n.
Proof. Let G be an Abelian group of order n. Note that n ≡ 0 (mod 4).
Since the order of G is even there is at least one involution in G, thus
by Theorem 1.4 we can assume that G has the set of involutions I⋆ =
{ι1, ι2, . . . , ι2p−1} for some p ≥ 2.
Obviously I = I∗∪{0} is a subgroup of G. Note that Γ = {0, ι1, ι2, ι1+ι2}
is a subgroup of I as well as a subgroup of G. If p = 2 then we define
B1 = Γ. If p ≥ 3, then there exists a coset decomposition of I into a1 +
Γ, a2 + Γ, . . . , a2p−3 + Γ for aj ∈ I, j = 1, 2, . . . , 2
p−3. Set Bj = aj + Γ for
j = 1, 2, . . . , 2p−3. Obviously
∑
b∈Bj
b = 0, and moreover for any b ∈ Bj we
have −b = b for j = 1, 2, . . . , 2p−3.
Note that the remaining elements of G i.e. the elements of G \ I can be
divided into quadruples of four distinct elements Bj = {g1j ,−g
1
j , g
2
j ,−g
2
j } for
j = 2p−3 + 1, 2p−3 + 2, . . . , |G|/4, none of which being an involution.
Let Bj = {b1j , b
2
j , b
3
j , b
4
j} and b
3
j /∈ {b
1
j ,−b
1
j} for j = 1, 2, . . . , |G|/4. Let us
start the labeling. Given any bipartite component G with both color classes
even, we divide the vertices of the component into quadruples (x1j , x
2
j , x
3
j , x
4
j )
such that, x1j , x
2
j are in the same color class, and x
3
j , x
4
j are in the same color
class (possibly the same as x1j , x
2
j but not necessarily). We proceed in similar
way in the case of all the non-bipartite components. We are numbering the
quadruplets consecutively, starting with 1.
If there is an involution in Bj then set
φo(x
1
j , x
2
j ) = b
1
j ,
φe(x
1
j , x
3
j ) = b
2
j ,
φe(x
1
j , x
4
j ) = b
3
j .
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Observe that in that case w(x2j ) = b
1
j+b
2
j+b
3
j = −b
4
j = b
4
j , w(x
2
j ) = −b
1
j = b
1
j ,
w(x3j ) = b
2
j and w(x
4
j ) = b
3
j . If there is no involution in Bj then let
φo(x
1
j , x
2
j ) = b
1
j ,
φo(x
3
j , x
4
j ) = b
3
j .
Note that we obtain now w(x1j ) = −w(x
2
j ) = b
1
j , w(x
3
j ) = −w(x
4
j ) = b
3
j .
The lexicographic product or graph composition G ◦H of graphs G and
H is a graph such that the vertex set of G ◦ H is the Cartesian product
V (G)× V (H) and any two vertices (u, v) and (x, y) are adjacent in G ◦H if
and only if either u is adjacent with x in G or u = x and v is adjacent with
y in H. Note that G ◦H and H ◦G are not isomorphic in general. One can
imagine obtaining G ◦H by blowing up each vertex of G into a copy of H.
For instance lK2r,2r ∼= lK2 ◦K2r.
One can easily see that if H has no isolated vertices and F is a graph of
order divisible by 4, then sg(H ◦ F ) = |H| · |F | by the above Theorem 2.7.
Observe also that if H has all components of even order then for G = H ◦
K2r we have sg(G) = 2r|H| for any r ≥ 1. One could ask if we need the
assumption on the order of components of H. Before we proceed we will
need the following result:
Theorem 2.8 ([6]) Let s = qr, where r ≥ 3 and G be an Abelian group of
order s such that the number of involutions in G is not one. Then the set G
can be partitioned into pairwise disjoint subsets A1, A2, . . . , Aq such that for
every 1 ≤ i ≤ q, |Ai| = r with
∑
a∈Ai
a = 0.
Observation 2.9 Let H be a graph of order n with no isolated vertices. If
G ∼= H ◦K2r for some positive integer r ≥ 2 , then sg(G) = 2rn for rn even
and sg(G) = 2rn+ 1 otherwise.
Proof.
Obviously G is a graph of order 2nr with no component of order less
than 3 and with all the bipartite components having both color classes of
even order. If nr is odd, then 2nr ≡ 2 (mod 4), hence sg(G) = 2rn + 1
by Theorem 1.4. Therefore we can assume that 2nr ≡ 0 (mod 4). Let G
be an Abelian group of order 2nr. Since the order of G is even there is at
least one involution in G, therefore we can assume that G has more than one
involution by Theorem 1.4. The set of the elements of G has ampartition
into sets A1, A2, . . . , An of order 2r such that
∑
x∈Ai
x = 0 by Theorem 2.8.
9
Let Ai = {a1i , a
2
i , . . . , a
2r
i } for i = 1, 2, . . . , n. Denote the vertices of G
corresponding to a vertex xi ∈ V (H) by x1i , x
2
i , . . . , x
2r
i . Let y ∈ NH(xi),
then y1 ∈ N(xji ) for j = 1, 2, . . . , 2r. Set φe(x
j
i , y
1) = aij for j = 1, 2, . . . , 2r.
One can check that the weighted degrees of all the vertices are distinct.
Using the same method as in the proof of Observation 2.9 we have the
following result.
Observation 2.10 Let H be a graph of order n with no isolated vertices
and with all the bipartite components having both color classes of even order.
If G ∼= H ◦K2r+1 for some positive integer r ≥ 2 , then sg(G) = (2r + 1)n
for n 6≡ 2 (mod 4) and sg(G) = (2r + 1)n+ 1 otherwise.
References
[1] M. Aigner and E. Triesch, Irregular assignments of trees and forests,
SIAM J. Discrete Math. 3 (1990), 439–449.
[2] D. Amar and O. Togni, Irregularity strength of trees, Discrete Math.
190 (1998), 15–38.
[3] M. Anholcer, S. Cichacz and M. Milanič, Group irregularity strength of
connected graphs, J. Comb. Optim. 30 (2015), 1–17.
[4] M. Anholcer, S. Cichacz, Group irregular labelings of disconnected
graphs, Contributions to Discrete Mathematics (2017), accepted.
[5] G. Chartrand, M.S. Jacobson, J. Lehel, O.R. Oellermann, S. Ruiz and
F. Saba, Irregular networks, Congr. Numer. 64 (1988), 187–192.
[6] S. Cichacz, Zero sum partition into sets of the same order and its ap-
plications, Preprint arXiv:1702.07859 [math.CO] (2017).
[7] M. Ferrara, R.J. Gould, M. Karoński and F. Pfender, An iterative ap-
proach to graph irregularity strength, Discrete Appl. Math. 158 (2010),
1189–1194.
[8] J. Gallian, Contemporary Abstract Algebra, seventh ed., Brooks/Cole
Cengage Learning, 2010.
[9] R. Jones, Modular and Graceful Edge Colorings of Graphs, Ph.D. thesis,
Western Michigan University, 2011, 158 pp.
10
[10] F. Fujie-Okamoto, R. Jones, K. Kolasinski and P. Zhang, On Modular
Edge-Graceful Graphs, Graphs Combin. 29 (2013), 901–912.
[11] R. Jones and P. Zhang, Nowhere-zero modular edge-graceful graphs, Dis-
cuss. Math. Graph Theory 32 (2012), 487–505.
[12] M. Kalkowski, M. Karoński and F. Pfender, A New Upper Bound
for the irregularity strength of graphs, SIAM J. Discrete Math. 25
(2011), 1319–1321.
[13] J. Lehel, Facts and quests on degree irreglar assignments, Graph Theory,
Combinatorics and Applications, Wiley, New York, 1991, 765–782.
[14] P. Majerski and J. Przybyło, On the irregularity strength of dense
graphs, SIAM J. Discrete Math. 28(1), 197—205.
[15] O. Togni, Force des graphes. Indice optique des réseaux, Thèse présen-
tée pour obtenir le grade de docteur, Université de Bordeaux 1, École
doctorale de mathematiques et d’informatique (1998), 141 pp.
[16] X. Zeng, On zero-sum partitions of abelian groups. Integers 15 (2015),
Paper No. A44, 16 pp.
11
